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Joint Coordinate Method for Analysis and Design of
Multibody Systems : Part 2. System Topology

Gwanghun Gim* and Parviz E. Nikravesh**
(Received July 13, 1992)

In Part | of this paper, the method of joint coordinate formulation for multibody dynamics
was reviewed. The application of this method to forward and inverse dynamics, static equilib-

rium, and design sensitivity analyses was studied. In Part 2 of the paper, systematic procedures

for constructing the necessary matrices for the joint coordinate formulation are discussed in

detail. These matrices are ; the primary and the secondary path matrices describing the topology

of the system, the velocity transformation matrix, and the generalized inertia matrix. The
procedures for constructing these matrices and other necessary elements for the joint coordinate

formulation can easily be implemented in a computer program for analysis and design process.
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1. Introduction

In Part 1 of this paper (Gim and Nikravesh,
1993), a linear velocity transformation matrix is
described as the relationship between the joint
and the absolute velocities of a multibody system.
The derivation of the equations of motion for
forward and inverse dynamics is shown. Expres-
sions for evaluating reaction and actuator forces
at a kinematic joint are derived using joint coor-
dinate method. An application of the joint coordi-
nate method to static equilibrium and design
sensitivity analyses are also studied.

In Part 2, a method for constructing the veloc-
ity transformation matrix from block matrices
representing the system kinematics is shown. A
systematic generation of the velocity transforma
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tion matrix employs a path matrix representing
the system topology. Using a graphical represen-
tation, the path matrix is constructed to describe
the characteristics of system topology. Detailed
description of the generalized inertia matrix and a
process for its systematic construction is also
presented.

2. Path Matrix

The topology and kinematical propeties of a
large-scale multibody system can be efficiently
represented by a graph. In the graphical represen-
tation of a multibody system, each body is consid-
ered as a node (or vertex) while each kinematic
joint is defined as an edge. Each open-loop is
represented by a branch, but each closed-loop
may be represented by one or two branches
depending on the location of a cut joint in the
closed-loop. Each tree starts from a root toward a
leaf corresponding to the topological path which
starts from a base body toward a leaf body. The
graphical representation employs a path matrix
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which contains the characteristics of the system
topology. Row ; and column ; of the path matrix
correspond to node ; and edge ; respectively. If
the path matrix and its elements are denoted by I,
and g,; respectively, then g,; is defined as

{ 1; if edge j is directed away from node ;,
g;=1-1;1f edge j is directed toward node 7,
[ 0; otherwise.

For convenience, the ground is considered as
node () which is not included in path matrix I,.
A floating base body is assumed to be connected
to node O through an edge. This edge represents
an integration which determines the coordinates
of the floating base body. Furthermore, the edges
should be numbered in sequential order accord-
ing to the order of the path though kinematic
joints do not,

In order to show the construction process of a
path matrix, the Stanford manipulator and its
graphical representation are shown in Fig. 2.1,
This system contains six moving bodies and six
kinematic joints.: Bodies 1 through 6 are con-
nected to the ground by five revolute joints, R,
Ry R, Rs and R, and a prismatic joint T,
Based on the graph, a path matrix I, is obtained
as

-1 1 0 0 0 0
@10 -1 1 0 0
=30 0 -1 1 0 0 2.1)
40 0 0 -1 1 0
5o o0 0 0 -1 1
10 0 0 0 0 -1 [(6x6)

where row (7) and column [;], for ;=1,6, corre-
spond to node ; and edge ; respectively.

As another example, a double-wishbone sus-
pension system and its graphical representation
are given in Fig. 2.2. The main chassis is defined
as a floating base body, and the knuckle is con-
nected to the main chassis via two revolute joints,
R; and R;, and two spherical joints, S, and S,
which comprises a closed-loop. A wheel is then
connected to the knuckle by revolute joint R,. If

(b}

Fig. 2.1 (a) Stanford manipulator and
(b) its graphical representation

the closed-loop is cut at S then its reduced
open-loop system is represented by two branches
as shown in Fig. 2.2(b). The path matrix I, is
thus determined as

(1] (2] (3] [4] [8)
Wi-1 1 0 0 \
@0 -1 1 0 o0

IL=3|0 0 -1 1 0 (2.2)
(CYRIN 0 0 -1 0
Gl o 06 0 0 -1 (x5

Note that the first column of the path matrix
always contains only one -1 and the rest are O’s.
Also a kinematic joint connected to the ground is
represented by a column that has only one -1 and
the rest are 0’s. If there exists more than one
floating base body, each column corresponding to
each floating base body has only one -1 and 0’s.
Otherwise, each column contains one 1, one -1,
and O’s.

In order to show how a path matrix can be used
to find a closed-loop in case the cut joint is not
selected, one possible graphical representation of
the above example is given in Fig. 2.2(c). Its path
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Chassis AR

Y

Fig. 2.2 (a) A double-wishbone suspension system,
(b) the graphical representation of its redu-
ced open-loop system, and (c) the graphical
representation of its closedloop system

matrix I, becomes
(1] (2] [3] (4] [5] [6]
-1 1 0 0 1 0
20 -1 1 0 0 0

L=@3){0 ¢ -1 1 0 -1 (2.3)
@0 0 0-1 0 0
G0 0 0 0 -1 1/(5x6)

From Eq. (2.3) it is observed that two - I's at
row (3) indicate a closed-loop because node 3 has
two up-trees which has only one root. If joint S
is chosen as a cut joint, column [6] is eliminated
from Eq. (2.3) and then Eq. (2.3) becomes identi-
cal to Eq. (2.2).

In this example we have four candidates for a
cut joint such as joints R, Ss, Rs, and Sg. To be
a cut joint, joint R, or Rs requires five kinematic
constraints, while joint S; or Sg requires only
three kinematic constraints. Furthermore, joint £,

or Rs provides only one joint coordinate, while
joint S; or S, furnishes three joint coordinates.
Therefore, joint S; or S, should be selected for
better effectiveness. The choice of a cut joint is
also dependent on the inertia properties of its
adjacent bodies. A computer algorithm has been
successfully implemented to produce automatical-
ly the path matrix of the reduced open-loop
system of a large-scale multibody system contain-
ing closed-loops.

At the next stage, matrix Io is modified in order
to get all the necessary information on the con-
nectivity and path flow of the system. The algor-
ithm for constructing a secondary path matrix fo*
is:

(a) Initially set a counter ;=2 for the column
of matrix L.

(b) In column j, find row s having I and row
» having -1.

(c) If g,, <0 for k=1, j-1, then perform g,,=
Gnrt Gne 1.

(d) If ;j is equal to the total number of col-
umns, replace all the I's with 0’s and then stop.

(e) Otherwise, set j=;+1 and go to (b).

Based on the above algorithm, for the Stanford
manipulator, the path matrix of Eq. (2.1) is chan-
ged to

[1] [2] [3] [4] [5] [6]

(Bj-1 0 0 0 0 0

-2 -1 0 0 0 0
L*=@3)1-3 -2 -1 0 0 0 (2.4)

WDl-4 -3 -2 -1 0 0

G)-5 -4 -3 -2 -1 0

6)|-6 -5 -4 -3 -2 -1 ](6X6)

Similarly, for the suspension system, the path
matrix of Eq. (2.2) becomes
(1] [2] (3] [4] [5]
(Hi-1 0 0 0 O
2)(-2-1 0 0 0
L*=(3)/-3-2 -1 0 0
(4)]-4 -3 -2 -1 0
51-2 0 0 0 -1 |(5x5)
In matrix I.*, negative integer entries provide
all necessary information on the connectivity of a

(2.5)
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multibody system, and also the numeric order of
the negative integer entries indicates the path flow
of the system. In column j, rows which have
negative integer entries indicate the nodes con-
necting to the root by edge ;. A row which has -1
indicates the first node connected to edge ;, while
a row which contains the smallest negative integer
indicates the last node. The same negative integer
entries in a column indicates more than one
branch. Since the path matrix contains all neces-
sary information on the system topology, 1t can be
used to construct the velocity transformation

matrix B.
3.Velocity Transformation Matrix

Velocity transformation matrix B depends on
the kinematics and the topology of a multibody

system. If block matrix B,; is defined to represent
the local properties of a kinematic joint, then
matrix B can be obtained by assembling block
matrices B;’s based on the system topology.
Block matrices are determined for a floating base
body and various kinematic joints as shown in
Table 2.1 (Kim and Vanderploeg, 1986), where
subscript ; stands for body ; (or node ;) and
subscript ; stands for floating base body ; or
kinematic joint ; (or edge 7). It is noted that the
block matrix B, for a composite joint is deter-
mined as a combination of those of a revoloute
and a prismatic joint. For a floating base body, a
vector of absolute coordinates is defined as the
joint coordinates, while for kinematic joints rela-
tive joint coordinates are used. Vector d; is
defined as a vector toward the center of mass of
body ; from the center of mass of the floating base

Table 2.1 Block matrix B,

Type of ID Joint Joint Matrix B
Joint Symbols Velocities Axes Size Y
. . Global
Floating r; : ova I -d;
Base Body Fy i e 66 0 I
’ @ Coordinates
. Global .
Spherical obd -d;
Joint Su o) XVZ 6x3 I
Coordinates ;
Revolute . i -d.
. R, | 4, u; 61 ; I: U }
Joint ! u,
|
1
Prismatic . u;
. P, 4, u; 6x1
Joint 0
Rev.-Rev. 2R 6:}1) [, u®]! 6x2 - dz(})u}“ - Jz(f)u;(‘Z)
Joint v a7 v w'  uf
Pri.-Rev. pr g . u —doge
e 4 (13 ggl21]2 4 w By
Joint fhd 6® [, ] 6x2 0 u?
Rev.-Pri. Eop g ] ‘ , —dPuy u®
i .J (O g : 6%2 v g
Joint v a1 : [ 0] i * ult! 0

Note:

1. If a revolute-revolute joint has #{""u{?==0 and d{}’=d/?, then it becomes a universal joint.

2. If a prismatic-revolute joint has u{’=u{", then it becomes a cylindrical joint.
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Fig. 2.3 A schematic representation of vector d;; for;
(a) a floating base body and (b) a kinematic
joint

body j, or from the attachment point of joint ;
(see Fig. 2.3). If body ; is the same as the floating
base body /, then d;=o0.

For the purpose of illustrating the construction
of various block matrices, previous two examples
are considered here. For the Stanford manipula-
tor (refer to Fig. 2.1), 4, for j=1.6, is defined as
a vector of joint coordinates shown in Fig. 2.4.
The joint coordinates, &, & &, O and &s;, are
relative rotational coordinates about revolute
joints, R, R KR, Ks and Rs; where & is a
relative translational coordinate along a prismatic
joint 73 The absolute velocities of the bodies in
the system can thus be determined in terms of
joint velocities.

For the angular velocities, we have

W, =u 91,

W=+ Uy 5.29

W3 = W2

W= w3+ Uy Ba,

Ws=w;t+ Us (95,

W= w5+ Us G- (2.6)

Fig. 24 A representation of Stanford

schematic
manipulator for the joint coordinates

To obtain expressions for the absolute trans-
lational velocities as a function of the joint veloc-
ities, as an example, the derivation for body 6 is
shown in detail. The translational coordinates of
body 6 can be expressed as

ri=d+d;+ w0+ dy+ d, + ds 4 de.
Its time derivative gives an expression for the
translational velocities as
ro=d+d;+ b+ s 65+ dy+ dy+ ds + ds,
=—d 0 — dw;- U0:6:+ U3 65
- (13(1)3* d4(04‘ Js(l)s" Jews,
where d is a skew-symmetric matrix associated

with the components of vector d =[d), b, ds]7,
which is defined for vector product operation as

0 -ds d-
CIE ds 0 -d
~ds d 0 [(3X3).

Now substituting Eq. (2.6) in the expression for
re yields

ri=—(d,+ d;+ w305+ ds+ d,+ ds + di) u, 9,
—(dy+ usts+ ds+ di+ ds+ do) w2 6,
+ 3 s— (d+ ds+ do) u, 6,
‘(ds+ Je)us 95— dsue 96,
or
ri=—dau 6, — dotty G+ 1y 05— d64u4 94
- Jssus Gs— Jeeus Ger
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where d;=d; and vectors d,;’s are shown in Fig.
2.4. This process can be repeated for all the
bodies to obtain a complete set of absolute trans-
lational velocities as

r=- Jllul 9.1,

r=— d,u, 6, — d;.u, B2,

ry=— JSlul 6,— d32"e G+ Uz 65,
ri=—duu 6, — dut, 6+ us 65— duu, 6.,

[r ] r-du, 0 0
W) u, 0 0
r, “Quly Ayl 0
@ w, u, 0
7:3 - dalul ~Qzpl, U
W | u u, 0
| -dau,  -dguw u;
Wy u; u, 0
rs ~dnu,  -diu, U
@s u u, 0
rs ~dsu,  ~dgu, U

L s | L W u, 0

Comparing this equation with v=B@ vyields

-dyuy, 0 0 0 0 0
u, 0 0 0 0 0
-dyu, ~dpi, 0 0 ] 0
u u 0 0 0 0
“daxul ‘dszufz u; 0 0 0
B— u u 0 0 0 0
B ~dow -dow, u,-duu, 0 0
w, w 0 u 0 0
-dsu, - doyu, uy - dsu, -dssu; 0
uw u 0 u u; 0
‘Jsl u, ‘dszufz U, - dsquty ‘Jssus 'Jseue
u w 0 u us U |
(36 x6)
(2.8)

As a second example, the double-wishbone
suspension system of Fig. 2.2 is shown schemati-
cally in Fig. 2.5. For the main chassis as a float-
ing base body, vectors of absolute translational
and angular velocities, r, and . are defined as
joint velocities, while at the revolute joints, R,
R, and Rs, relative rotational velocities, &, &,,

0 0 0 1
0 0 0
0 0 0
0 0 0 [ 6]
0 0 0 0,
0 0 0 s
~du, 0 0 8,
u, 0 0 s
~dsuy - dssu 0 L Bs 3
u, u; 0
- d64u4 - Jesus - Jseus
u, us u; |

31

ri=—ds u, 6, — dolty 65+ s (9'3:‘ ds.u, 6,
—ds5us 55,
ro=— doty 6, des Ut 65+ s 65— doatty 6
- desuﬁ (95—d56uﬁ 96~ (2.7)
From Eqgs. (2.6) and (2.7), the vector of absolute
velocities can be written as a function of the
vector of joint veloctties ; i.e.,

and @, are defined as joint velocities. At the
spherical joint S;, a vector of relative angular
velocities @, between bodies 2 and 3 that
share the spherical joint is defined as the joint
velocities. The absolute angular velocities of
bodies in the system can also be obtained as

W= @1+ Uy G,
@:= w2+ ws'",
W= w3+ Uy Oy,

w5:w1+u595. 2.9)

A similar process to that of the previous exam-
ple yields the translational velocities as

7:2: ':1" dmwl‘ dzzu/z G,

’;3: r— dSlwl_ daz"'z 52— J33w3‘”,

';4: r— JMwI - (142112 f}z— J43w3(”— J44u4 94,

fszfl“dslwl—dssusgza ) (2.10)
where vectors d,;'s are shown in Fig. 2.5. From
Eqgs. (2.9) and (2.10), the vector of absolute veloc-
ities of the system can be written in terms of the
vector of joint velocities as
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! rlI 0 0 0 0 0 7
@ 0 7 0 0 0 0
)':2 I _JZI _dgzuq 0 0 0 —1':1 ]
W: 0 7 u, 0 0 0 @1
rs_ I-d,-dpu,-dy; 0 0 6
w3 0 7 i I 0 0 w3
Ty I-d,- 12l ‘4143 ‘J44u4 0 64
w| |01 w I u 0 |[§ |
7:5 I _1251 0 0 0 - 55u5
Lws] LO [T 0 0 0 u; |
From the above equation we have
rl 0 0 0 0 0 Fig. 2.5 A schematic presentation of a double-
0o 7 0 0 0 0 wishbone suspension system for the joint
I-d, -dyu, 0 0 0 coordinates
0 I u, 0 0 0
B I-d,-dyu,-d; 0 0 The structare of matrix B in Eq. (2.8) or (2.11)
0 7 u, I 0 0 shows that B can be constructed from small block
I-d,-dew-d;-duu, 0 matrices B, Table 2.1 shows B, matrices for a
0 I u, 1 u, 0 variety of kinematic joints. For automatic
I-d, 0 0 0 -disu construction of B, the negative integer entries (9,
L0 I 0 0 0 u, 1(30x12) <0) in the secondary path matrix I* are re-
(2.11) placed by their corresponding B;; block matrices
Table 2.2 Block matrix By
Type of ID Matrix B
Joint j Symbols Size v
Floating . 0 ‘J‘,‘,
’ 6x6
Base Body Es { 00
Spherical . ‘Jij
- 6x3
Joint o x { 0 }
Rev9lute R. 61 [ _diJujj d,ou, :|
Joint o ;l;
Prismatic . ol
. 6x1
Joint Py % { 0 }
Rev.-Rev. Crr 62 ~J,‘})uj(1)_£1k(],ll¢5juj(l> - J{]Mf,(m_ d?eu?
Joint ¢ wusd o,uf
Pri.-Rev. Crer 62 ou’  -dPu?-dPeu?
Joint i 0 w;u?
Rev.-Pri. Cier 62 —Ji})u}nldbhajju}l) a},uJ(z)
Joint Y o’ 0
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from Table 2.1. Then, the zero entries (g,;,=0) in
the secondary path matrix Z.* are replaced by
their corresponding zero matrices. For the first
and second examples, Eqgs. (2.4) and (2.5) give
rise to Eqgs. (2.8) and (2.11) respectively.

Since matrix B can be described and construct-
ed systematically, matrix B can also be construct-
ed systematically. Table 2.2 shows B, block
matrices for several kinematic joints. Note that d
; can be described as d;,;=r,— r,+ w,d,;.

4. Generalized Inertia Matrix

In Part 1 of this paper, it i1s shown that the
generalized inertia matrix M can be expressed as
M=B'MB (2.12)
where M is a quasi-diagonal matrix, M =diag
(M. Mo, -+, M,] and M. =diag[m,1, J.]; i=1,
..+, b. Here, m, is the mass of body ;/ and J; is the
inertia tensor described in the xyz reference
frame. The generalized inertia matrix M is a
symmetric matrix and can be determined numeri-
cally using Eq. (2.12). However, the elements of
M can also be determined directly if we consider
the product of B'MB in explicit form.
Assume that matrix B is constructed from
block matrices as

’—Bll ]
B, B,
p=| B B B

Then, the product B"MB can be expressed as

. b b
i‘.l BIM.B: 3,BiM.B. XBiMBi. ..

b b
$IBLM.B. 3)BLM.Bi 3BLM.Bi

|
il

b 2] )
S\BAMB: 2 BEM B 2 BLMBx

This matrix has a structure resembling a quarter-

Fig. 2.6 A quarter pyramid structure of the general-
ized inertia matrix

pyramid as shown in Fig. 2.6. The pyramid is

composed of submatrices M ;; i=1, ---, b, where
MI:[BI{MIBII:(,
M= BM.B,, BiM.B
“7| BsM.By BLM.B, |
BiM:B, BiM:B, BIM;Bsy
- BIMiB, BiM:B; BiM;By;
' BAM B,

BiM By, BiM B |

Note that all of these submatrices are symmetric.

5. Conclusion

The joint coordinate method employs a linear
velocity transformation matrix between the joint
and the absolute velocities of a multibody system.
This matrix 1s automatically constructed from
block matrices and a path matrix representing the
system kinematics and topology. This method
generates a small or even a minimal set of equa-
tions of motion necessary for the forward or
inverse dynamics analysis of multibody systems.
Furthermore, the necessary equations for static
equilibrium or design sensitivity analysis are also
obtained as a small or a minimal set of equations.

The joint coordinate method gives rise to easy
computer implementation of the algorithms, auto-
matic generation of the equations, and efficient nu-
merical solution. Since the joint coordinates are
physical coordinates, this method provides an
easy interpretation between the actual system and
its mathematical or computer model. The effective
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generalized masses and generalized forces can be
determined explicitly in terms of block matrices
and vector forms, which in turn provides a power-
ful basis for the design sensitivity analysis and
parallel processing computation.
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